In this paper, we develop a time-domain model to study the coupling between plasmon modes of arbitrarily shaped metal nanoparticles and the electromagnetic radiation, in the framework of the Hopfield model for dielectrics. In particular, we focus on the dynamics of the expectation values of the plasmon creation and annihilation operators in the ground state of the overall system "plasmons+photons". We derive closed form expressions of frequency shift and decay rate of plasmon modes in terms of the spatial distribution of the quasistatic plasmon mode. We validate this method against the Mie Theory for a spherical metal particle of radius comparable to the plasmon wavelength. Then, we investigate the decay rate and frequency shift of plasmons of bowtie antennas as a function of the gap-size.
Introduction
The interaction of light with collective electronic oscillations in metal nanostructures, denoted as surface plasmons, is one of the most active branches of nano-optics [1] : it enables the subwavelength confinement of electromagnetic radiation [2] and the enhancement of light-matter interaction [3] . Even though many phenomena involving surface plasmons can be explained by resorting to either classical or semiclassical theories [4] , plasmons have an inherent quantum nature [5] which manifests through wave-particle duality, entanglement [6] , squeezing [7] , sub-Poissonian statistics [5] , strong-coupling with single-molecules [3] .
The recent advances of femtosecond characterization techniques have enabled the experimental investigation of the ultrafast plasmon dynamic of metal nanoparticles (e.g. [8, 9, 10, 11, 12, 13, 14, 15, 16, 17] ). In particular, the plasmon time-decay may occur either via coupling with photons, i.e. radiation damping, or via non-radiative decay into electron-hole excitations, i.e. non-radiative damping, mainly due to the excitation of intraband or intraband electron-hole pairs (e.g. [9] ). The majority of existing experimental studies have mainly focused on the plasmon dynamics in small particle regime where the non-radiative decay processes are dominant. Nevertheless, it is known that as soon as the size of the particle becomes comparable with the incident wavelength the radiative become the dominant damping mechanism [18] . The theoretical time-domain analysis of plasmonic systems in terms of natural modes has been so far restricted to the realm of electroquasistatic approximation [19] , which is unable to describe the coupling of the localized plasmons with photons, unless specific perturbation/correction techniques are implemented [20] . On the other side, frequency-domain techniques based on full-Maxwell techniques, such as the quasi-normal modes [21] or the Mie Theory [22, 23] , have been used to retrieve synthetic parameters such as the frequency-shift and the radiative decay rate of plasmon modes.
In this paper, we develop a time-domain treatment of the natural evolution of plasmon modes of arbitrarily shaped metal nanoparticles coupled to electromagnetic radiation field. This analysis is carried out in the framework of quantum theory following the seminal works of U. Fano [24] , J. J. Hopfield [25] , and Barnett [26, 27, 28] . We model a metallic nanoparticle as an electron gas rigidly confined into the region occupied by the positive ion lattice of the metal. The shape of the particle is arbitrary, and the size is finite. We focus on the dynamics of the expectation values of the plasmon creation and annihilation operators in the ground state of the overall system plasmons + photons. We derive closed form expressions of the frequency shift and the decay rate of plasmon modes in terms of the spatial distribution of the quasistatic plasmon mode, which are validated for a sphere of size comparable to the incident wavelength. Then, we apply this method to study the decay rate and frequency shift of plasmons in a bow-tie antenna as a function of the gap-size.
Although the developed approach lead, as expected from the correspondence principle, to the same outcome of Hamiltonian equations of the corresponding classical system, this paper constitutes a first step toward the development of a time-domain quantum framework to describe the interaction between a quantum emitter, an arbitrary shaped metal particle and the radiative field.
Surface Plasmon -Photon Interaction
In the last few years, the quantization of surface plasmons in nanoparticles coupled to radiative electromagnetic field has been a very active research field [29, 30, 31, 32, 33, 34, 35, 36, 37] . Here, we quantize the coupled system constituted by a metal particle and the electromagnetic field taking matter into explicit consideration by following [24, 25, 26, 27, 28] . Specifically, we model a metallic nanoparticle as an electron gas rigidly confined into the spatial domain of by the positive ion lattice of the metal. We then combine the Hopfield model of a dielectric with the representation of both the electron gas displacement field and the Colombian, i.e. longitudinal, electric field in terms of quasi-electrostatic plasmon modes [19] . This technique greatly simplifies the mathematical description of the problem. Similarly, the transverse field is expanded in terms of plane wave. Since, the main goal of the paper is to provide a quantum description of the coupling between the plasmon oscillations and the photons and its effects on the plasmon radiative decay rate and the frequency shift, we disregard the losses due to both the inter-band and intra-band transitions and to the collisions of the conduction electrons with the ion lattice.
Classical Lagrangian and Hamiltonian
The metal occupies a region in free space:
is the boundary of the region , is the vacuum region surrounding the metal and is the entire space, . The collective behavior of the conduction electrons is modeled as an electron gas confined within the positive ion lattice of the metal. The ion lattice is assumed to be rigid and the ion distribution is assumed to be uniform with volumetric density .
The self-consistent electric field moves the electron fluid. The motion of the electron gas is incompressible inside due to the uniformity of the electron gas distribution at equilibrium. As consequence, in the linear regime, the volume charge density is zero inside , but a surface charge distribution arises on due to the charge conservation. The vector field , defined in , represents the displacement of the electron fluid with respect to its equilibrium configuration. It is solenoidal in , but its normal component to is different from zero. As consequence a surface charge arises on the metal surface with surface density given by:
where , denotes the normal to the surface pointing outward and is the absolute charge of the electron. The surface charge generates a restoring force that combined with the electron inertia gives arise to a continuum of harmonic oscillators, the surface plasmon oscillations. Since the displacement field is solenoidal in , the total surface charge on is equal to zero. The coupling between plasmons and photons causes both a shift of the plasmon resonances and a decay of the plasmon oscillations. Since we want to study the radiative decay rate and the frequency shift of the plasmon oscillations, we limit ourselves to examine the natural motions of the system "surface plasmons + photons", i.e., the evolutions of the system in absence of external sources.
Following the standard approach in quantum electrodynamics [27] we start from the classical Lagrangian of the system "surface plasmons + photons" in the linear regime. We omit the time variable for simplicity. In the Coulomb gauge, the Lagrangian of the entire system plasmon oscillators + radiation electromagnetic field is composed of three terms, matter , radiation field , and interaction :
,
and
is the dielectric constant of vacuum, is the magnetic permeability and the dot denotes the partial derivative with respect to the time variable. In the linear model the current density field is equal to . The first contribution to is the kinetic energy of the electron fluid, where is the effective mass of the electrons in the conduction band and is the mass density of the electron fluid at equilibrium. The second contribution to is the Coulomb potential energy due to the surface charges on , where is the plasma frequency of the electron fluid,
. The vector field is the magnetic vector potential in the Coulomb gauge generated by the plasmon oscillations.
Introducing the canonical momenta in ,
in ,
the Hamiltonian is the sum of three terms, the kinetic energy , the Coulomb potential energy , and the energy of the radiation electromagnetic field,
where ,
.
We now apply Hamilton's equations to the Hamiltonian (9) . For the matter fields we obtain:
where (15) is the contribution of the Coulomb term to the electric field generated by the plasmon oscillations.
For the radiation fields we obtain:
in .
Equations (13) and (14) govern the electron gas dynamics, while equations (16) and (17) govern the dynamics of the radiation field. The second term on the left hand side of equation (17) (between round brackets) is the solenoidal component of the current density field in .
Helmholtz decomposition
The canonically conjugate vector fields and are defined in where they are solenoidal, but their normal components to are different from zero. The canonically conjugate vector fields and , defined in , are solenoidal everywhere (their normal components to are continuous). Any sufficiently smooth solenoidal vector field defined in the region can be resolved into the sum of two terms: i) a solenoidal and irrotational vector field with normal component equal to on the boundary ; ii) a solenoidal and rotational ( ) vector field with normal component on the boundary equal to zero. This is a particular case of the Helmholtz decomposition for vector fields defined on a bounded region. We introduce the scalar product and the norm . The two vector fields and are orthogonal according to the scalar product .
We now express the Hamiltonian as a sum of five terms: the plasmon term , the radiation field term , the interaction term and the kinetic energy of the electrons vibrating in the radiation field , ,
The contribution of the diamagnetic term may be disregarded in a moderate coupling regime between the plasmons and photons as for systems of bound particles in the low-intensity radiation regime (e.g., [1] ). In Section 5 we also discuss the validity of this additional approximation. Both the functional spaces and have a discrete basis. We indicate with an orthogonal basis of and with an orthogonal basis of , with running through discrete values. In this paper, we use a real orthogonal basis that diagonalizes the Coulomb potential energy (see Appendix A). In the Appendix B we introduce a real orthogonal basis for .
Normal Mode Expansions
The functional space of the canonically conjugate vector fields and has a continuum basis. We indicate with an orthogonal basis of with running through a set of continuum values. In this paper we use the transverse plane waves as a basis for ,
where is the propagation vector, is the polarization unit vector with and . The index is a multi-index corresponding to the pair of parameters and , .
The two polarization vectors are orthogonal, i.e. , and are both transverse to the propagation vector, . The set of functions are orthonormal:
In the following, we denote with and with .
′′
Canonical Quantization
The physical quantities of the system are quantized in a standard fashion (e.g., [38, 27] 
for , (26) while all other commutators of the canonical variables vanish; is the three-dimensional unit tensor and is the transverse delta function. The field operators and are represented by means of the following expansions ,
where are a set of canonically conjugate Hermitian operators, and ,
. The vector fields and are dimensionless quantities, therefore and have the dimension of a volume, and have the dimension of a length, and have the dimension of a linear momentum.
The field operators and are represented through the following expansions ,
, 
, (33) while all other commutators of these variables vanish.
The quantized Hamiltonian is composed of four terms, plasmon , radiation field , surface plasmon -radiation field interaction and electron kinetic energy in the radiation field (we disregard the diamagnetic term )
The plasmon Hamiltonian term is given by ,
where , ,
and are the eigenvalues of the auxiliary eigenvalue problem through which the basis is generated, see Appendix A. The first term in the expression of takes into account the contribution to the kinetic energy due to the irrotational component of the electron fluid motion; the second term takes into account the contribution of the Coulomb potential energy. The eigenvalues only depend on the shape of , they do not depend on its size. The radiation field term is ,
where is the light velocity in vacuum. The interaction term is given by .
The term is given by
where .
Boson operators
We express the operators , and the operators , by means of the standard boson operators , and , , respectively. We have ,
and ,
(49) 
and the constant operator is given by .
Therefore, the equations of motion for and are ,
Natural motion of the system in the expectation values
The natural motions of the system are observed in the change of the expectation value of the operators and . Therefore, we now consider the average over the ground state of these operators, and . From Eqs. (55) and (56) we obtain ,
(58)
and is the Heaviside function. By substituting (59) into (57) we obtain the system of integrodifferential equations, ,
The abscissa of convergence of the Laplace transform of the natural motions is . We now assume to deal with metallic nanoparticles where the amplitudes of the coupling coefficients with are negligible compared with for any . In these cases, is solution of the approximated system of equations ,
We solve it by using the pole approximation technique (e.g. [39] ). We look for a solution of the kind (68) where is the eigenvalue with negative real part of the matrix ,
that is " = Ω&1 − 2 " , and .
The coefficient is given by .
Since (e.g. [40] )) ,
we have .
The pole approximation introduces a spurious natural frequency with a negative imaginary part, which we disregard.
Rotating Wave Approximation
By applying the rotating wave approximation to the term , -of the Hamiltonian, and following the same steps of the previous section, and neglecting the coupling of different plasmon modes we obtain the eigenvalue .
(74) where .
(75)
Radiative decay rate and frequency shift of metallic nanoparticles
In this Section, we investigate the radiative decay rate and the frequency shift of the plasmon modes of metallic nanoparticles with different shapes as a function of the size parameters ; where and is a characteristic size of the nanoparticle. The decay rate of the plasmon mode is given by and the frequency shift is given by where is the eigenvalue of the matrix (see expression (69)) with negative real part, and is the quasi-static resonance frequency of the plasmon mode. In the limit of the rotating wave approximation is given by (74). In particular, we show the normalized decay rate and the normalized frequency shift as function of the size parameter for . Now, aiming at a validation of our approach (assuming a characteristic size 4 = ), we consider a sphere, where an analytical solution exists. With the help of Fig. 1 , we numerically verify the hypothesis of uncoupled plasmon modes through which we simplified the system of Eqs. (66)-
l c (67). Specifically, we show the amplitudes of the coupling coefficients R => ( = − Ω " + 0 D ) for three values of the size parameter x. . We compare the amplitude of self-and mutual-coupling coefficients among the electric dipoles (m, n = 1, 2, 3), quadrupole (m, n = 4, …, 8) , and octupole (m, n = 9, …, 15). The amplitudes have been normalized to max {=} R == . In all the investigated cases, the amplitudes of the mutual coupling coefficients are smaller than the amplitudes of the selfcoupling coefficients (of at least two orders of magnitude). This fact represents a numerical confirmation of the hypothesis of uncoupled plasmon modes for a sphere in the range < 2 , the coupling between the plasmons and photons prevails on the coupling between the different plasmon modes. , where 4 is the radius. Three different approaches have been used: the quasi-normal modes (black dots), the pole approximation (continuous black line), and the rotating wave approximation (dashed line). In the latter two cases the modes have been assumed to be independent ( /0 = 0, ≠ ). The surface charge density distributions of the modes are shown above, enclosed in a box whose color matches the color of the corresponding curve. The modes in the same box are degenerate.
In Fig. 2 we show the frequency shift (a) and radiative decay rate (b) of the dipole (black lines), quadrupole (red lines) and octupole (blue lines) plasmon modes of a sphere as a function of . Three different approaches are compared: the Mie-theory (black dots), the pole approximation (continuous black line), and the rotating wave approximation (RWA) (dashed line). The surface charge density distributions of the modes are shown above, enclosed in a box whose color matches the color of the corresponding curve, where the modes in the same box are degenerate. The results obtained by using the pole approximations are in overall good agreement with the results obtained by the Mie theory. A slight deviation becomes apparent only for > . On the contrary, the rotating wave approximation, even if it is able to capture the main qualitative feature of and , gives numerical predictions that appreciably deviate from the poles of the Mie coefficients. As shown in Fig. 2 (a) , by increasing the size parameter, all the plasmon modes first undergo a red shift with respect to the electroquasistatic resonance frequency, and then they reach a minimum, followed by a blue shift. Interestingly, lower multipolar plasmons
reach the maximum red-shift for smaller size parameter than the higher multipolar modes. The decay rates of dipole, quadrupole and octupole plasmon, shown in Fig. 2 (b) , increase for small size parameters, reach a point of maximum and then decreases. This behavior has already pointed out in Ref. [23] . Next, we investigate frequency shift and decay rate of the first four plasmon modes of a bowtie antenna as a function of the size parameter x. The bow-tie antenna is constituted by two equilateral nano-prisms of edge 2l S and height l S /2, with rounded edges/corners (radius of curvature 0.15l S ). Different gaps sizes have been considered, namely δ = 2l S , δ = l S , δ = l S /2. In Fig. 3 (ad) we respectively show the frequency shift of the 1 st -4 th plasmon modes of the bow tie antennas with δ = 2l S (dash-dotted line), δ = l S (continuous line), and δ = l S /2 (dashed line). The charge density distributions of the plasmon mode are shown above the corresponding panels. In particular the 1 st mode is the "bonding" dipole mode, constituted by two equidirected electric dipoles directed along the gap, i.e. longitudinally; the 2 nd mode is made of two counter-directed transverse dipoles, the 3 rd mode correspond to the two equidirected transverse dipoles, eventually the 4 th mode is made of two counter-directed longitudinal dipoles. In Fig. 3 (e-h) we show the corresponding decay rates. For any investigated plasmon mode, we found that frequency shifts and decay rates increases as the gap-size is reduced. Fig. 3 Frequency shift ΔΩ " (a) and decay rate Γ " (b) normalized to the quasi-static resonant frequency Ω " of the first five modes of a bow-tie antenna as a function of the size parameter = 2 4 . The bow-tie antenna is constituted by two equilateral nano-prisms of edge 2l S and height l S /2, with rounded edges/corners (radius of curvature 0.15l S ). Different gaps sizes have been considered, namely δ = 2l S , δ = l S , δ = l S /2. In Fig. 3 (a-d) we respectively show the frequency shift of the 1st -4th plasmon modes of the bow tie antennas with δ = 2l S (dash-dotted line), δ = l S (continuous line), and δ = l S /2 (dashed line). The charge density distributions of the plasmon mode are shown above the corresponding panels.
Conclusions
We have introduced a time-domain model of the natural evolution of plasmon modes of metal nanoparticles coupled to the electromagnetic radiation, in the framework of Hopfield model of a dielectric. We derived closed form expressions for the frequency shift and decay rate of plasmon in terms of their spatial distribution of the quasistatic plasmon mode. Different approximations have been made and compared: the pole approximation and the rotating wave approximation. The pole approximation is in good quantitative agreement with the Mie theory even for particles of size comparable to the incident wavelength. On the contrary, the rotating wave approximation gives numerical predictions that appreciably deviate from the poles of the Mie coefficients. Then the model is applied to arbitrarily shaped particle widely used in application: the bow-tie antenna. For any investigated plasmon mode, we found that both the shift of the resonance frequency with respect to the electrostatic prediction and the decay rates increase as the gap-size is reduced. Moreover, we observed that, for all the investigated nanostructures, the coupling between the different plasmon modes was negligible compared to the coupling between the plasmons and photons. Although the developed approach lead, as expected from the correspondence principle, to the same outcome of Hamiltonian equations of the corresponding classical system, this paper constitutes a first step toward the development of a time-domain quantum framework to describe the interaction between a quantum emitter, an arbitrary shaped metal particle and the radiative field.
Appendix A: Basis for the irrotational and solenoidal linear functional space
We here introduce the orthogonal basis we use to represent the functional space of the solenoidal and irrotational vector fields defined on the bounded region , we diagonalize the Coulombian term to the Hamiltonian, and give two simple formulas to compute the coefficients and .
A.1 Auxiliary eigenvalue problems
We consider the integral operator with ,
where is the boundary of and is the normal to pointing outward, and introduce the eigenvalue problem
We now consider the scalar field with ,
which is the scalar potential that would be generated in the whole space by the free-standing charge density . For normal derivative of at we have
where is directional derivative with respect to the normal , and are the restriction of in and , respectively.
The operator is symmetric but not Hermitian, and its spectrum has the following properties ( [41, 42] ):
i)
The set of eigenvalues and the set of eigenfunctions are infinite countable;
ii) The eigenvalues and the eigenfunctions are real, is an eigenvalue, and ;
iii) The eigenvalue and the eigenfunctions depend only on the shape of (they do not depend on its size); iv) The normal derivative of verifies the property on .
(A.5)
We now introduce the integral operator dual to the integral operator , We now introduce the scalar field given by
which is the scalar potential that would be generated in the whole space by the free-standing double layer of charges with surface density . The scalar field has the following property on (A.9)
where denote the restriction of in and , respectively.
The operator has the following properties: v) Its spectrum coincides with the spectrum of the integral operator except for the eigenvalue ;
vi) The eigenfunctions of , denoted as , and the eigenfunctions are bi-orthogonal, 
A.2 Basis for linear functional space and diagonalization of the Coulombian potential energy
We now introduce the vector field generated in the whole space by the surface charge with density ,
The vector field is irrotational everywhere in , it is solenoidal both in and in , the normal components to are different from zero, and they are discontinuous. 3) can be solved through a finite element numerical code [5] . We use as basis for the functional space introduced in Section 2.2 the restriction to the domain of the set of vector fields , i.e., for .
